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INTRODUCTION

A question of the utmost importance to the users of any weapon is "How
good is the itemi'weapon?". More specifically, the question is "How well does it
perforni it-, intended function?" or "How reliable is the weapon?". Since weapon
reliability is a function of design, it is the designer's job to addre-ss this question arid
to supply the user with reliability data.

3ý, If each weapon could be functionally tested, the problem would be greatly
simplified. The user would receive those passing the test and the failures wouild be.1 . scrapped or repaired. However, since most weapons are one-shot items, 100%. testing

---------- .......... would leave nothing for delivery to the user. The solution is Co test a sample froma

population, then make predictions (statements) about the population.

Since the reliability prediction of thle weapon Population is based on a sample,
uncertainty of the reliability prediction necessarily follows. Of course, if more weapons
are tested the degree of certainty will increase. This is where thle termn confidence level
conics to play, as it is tht, probability that the reliability prediction '.s true. Anther
factor that must be considered is the risk involved in achieving the required reliability
prediction. This risk is a furic-tion of' the true reliability of' the weapon.

The problem redw-es to (I) what reliability prediction does the designer wishi
to mk:1dawhtconfidence level, (2) how mnany items should be tested, and (3)

what re th risks invlvedin being able to achieve: the relia 'iity prediction at3

.4' This report presents 101 graphs of the entire spectrum of confidence levels and
~-'- theassociated reliat'ilities for each sample size from I to 101. Thes r phs Thinomial

?"~ -"' reliaility urves)can behelpful to mianagers, engineers, and the techia panr
during the timec that reliability decisions aic being t'orinulated and carried out.

Reliability is shown from 0 5 to I. However, since thle curves for 0 to 0.5 are
'Wnimetric~it to those for 0.5, to 1, thie reliability for 0 to 0,5 region may he read by
turning 01w graphs upside down.

Confidencv levels are given in percent. In addition to those l.4beled. tick miarks
indicate the lelh r 0.5. 15, 25. 3s, 45, 55, 6,5, 75. 85 and 995t The %wale has
-een stretched at both ends to make it more readable.

Curc~ ~e ive t~ cih posbcnmKr of successes. Suffwicint nurnbcr% are
provided on the curves to make eich one easily identiftle A 0ifrths ubr

.~ ~. -of successes that result in a curvc entirely below thle 0.5 reliabilt lvel the graph
mnust be turned upside down-

7 ~Pru-9&1- .0age blank
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f Persons knowledgal in the reliability field may ask, "Why include ridiculously
low reliability and confidence levels in the graphs?" The reasons are readily apparent
when the curves are used over the full spectrum of intended applications. Often,
limited and restricted tests result in low st tistical values. Without a full set of curves,
the engineer would only know that the sit ation is bad. With the curves for the low
values, he knows the exact statistical situatibn. Also, a full set of curves allows a quick
visual analysis or overvriew for a given sample size (up to 101) This quick-look analysis

'-'~-~-can aid managers and engineers in selectVigt a sample size that will best demonstrate
their requirements and still be within budget constraints,

The graphs are designed for flexibility, maximum readability, and optimum use.
R, Given the sample size and number of successes, it is easy to determine

1. Lower reliability bounds and associated confidence levels.

2. Reliability intervals for given confidence levels.

Conversely, given a stated reliability at a stated confidence level, the graphs :an be
used to determiine

1. The number of successes noýeded for a given sample to meet the stated
requirements. lmt, adtbe r

published by Cooke. 2 xHowover, Thorne's work was accomplished prior to the recent
advances in computer graphic ttchnology, which are uised to thle fullest extent in tie
curves published in this report. Cooke's work is reconimended wheo, specific confidenice

I levels at a high degree of accuracy arc required; however, the curves presented hertin
are- easier to use and provide a clearer ovtera-ll picture at an acceptable. albet lwr
accuracy (three places). Also, the curves are not re-stricted to the specific confidence
levels given in the table-,

The followitig present a definition of symbols, cxa~aples of 'he various uses o
.. ;~ tile curves, and a discussion of the theory upon which the curves are based.

NavQl Wuisie Center. Reliabiav ctr~d Cbmfl'*nce Limitis fob' SamVI Tostinig. by C. J. Thorne4
and R. W, Claatsen. Point Mugu CA.MAdI8. (Repurt N1-M 8..

2 Mval Ordnance Tesi Station. Binaribi Rei~bdifiy Tah-te, by James R. Cooke, Mark T. txe
K. and John P. Vawuýwcck. China Lalrte. CA, NOTS. Yantoty 1964. (NOTS 1? 3140 (NAVWlIPS SM0)

- ..- .14
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SYMOL

N Saple ize numer o itms tste

N SaN esie umber of items i htps ie teste

R Population reliability, inherent probability that an item will perform its
intended function

RL Lwrrlablt ii, netmt ased on sample testing
*CL Confidence level that R > RL given S and N

Ru Upper reliability limit, an estimate based on' ý.anplc testing
C~ Confidence level that R < Ru. given S and N

t I
USE OF THE CURVES

1~ As stated previously, the graphs are designcd for iiexibility. readibility. and
optimnum use. The loitowing six examples of how to use the graphs corrt.ate with the

~ j six applications listed in the abstract.

kXAIPLES

fEXAMPIE DETERMINATION OF RL AT A GIVENC

Youir warhead development program has advanced to the stage where testing

'Jiould hk conducted to demonstrate that the warhead is reliable. You want to

-wt determine how niany tests are required to do zlhi. By looking t th graphs you
ofind that it can be done by:

I. Getting 8 successes out of 8 tests.
(This was donec by finding a point defined by 0.75 reliability and 901,

confidence ltevel that coiaieids with (S =N) and (N). Any value of N less
than 8 will not yield the &-sired prediction. In a simil atn~r ubsequent
graph,, yield value-, of S and N that allow a reliability prtdictiun of at least
0.75 at the 40q~ %onfidence level. Naturally, as N increases, mom- failures
can occur and still allow the desired reliability to be denion-strate-J.)

2, Getting, 13 successes out of 14 tes~ts.

3.Getting 18 success u o 0 et

4. Gemting 22 successes out of 25 tests
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5. Getting 216 successes out of 30 tests

6.Gtig3 ucse u f3 et
6. Getting 304 successes out of 35 tests

7.Gtig3 scessot f4 et

8. Getting 38 successes out of 45 tests

*9. Getting 42 successws out of 5G 'tests

The next step is to select one of the abovt options. I hs coii~sid-eration, which
should be based on the de-sign reliabilit, aad the risk you wish to accet, is shown in

I Example 3.

-~ EXAMPLE 2 -ES 1ABLISHING R~ AT CL AFTER TESTING N ITEMS

( ~You are aeveloping a rocket motor and have fired 32 mnotors with 2 failures.
-~ ~ You would like to know 'the reliability of th,ý motor. The best estimate of Llie motor

reliability be? This depends on the confidence level with which you wouldi like to

make the lowcr reliability limit swaement. Using t~he Nc 32 graph, you may make
statemnents such as:

1. You arm 90% confident th.at the reliability is at least 0.843. (This, is the
reliability at the point wheýre the 90%ý confidence level intersects the S j

curve.)

2. You are 80x confident thjt the reliability is at least U.8'2.

I 3. You are Q confident that the reliabilify i~at liast 0.890

I,. 4Yo ar 6% onfi ewrI z it e reliability is at least 0,9'05.

5. Yz~u are 50% confident that the reliability .11 j: -asit 0.917, etc.-

1-XANIPLE DELiEMNTO OFT1 PROBABILITY OF FAILING TO

.~.'...- rWWNSTRATE RAT CL, GIVEN ThUE RELIABILITY

You I ave dcsignr~d a fuze to hwav a reiiability of 0.99 and wish to demonstrate
'..-i4 .

that the r~fliability is at least 0.4 -it the 90% Nonfidence level. You also wish to have
a twlns of faifling to demonstralc this,

6



NWC TP 5728 1
Consider two choices. From Graphs N = 22 and N = 38, you can sec tha" if

22 ,itc tested without rialure or if* 38 are tested with no more than I faiuc., thi fuze
will have demonstrated~a reliability of at least 0.90 at the 90% confidence level' The
Irobability of getting" I or more failures in 22 tests when the true (or asslA.ed)
reliability is 0.99 is 0.20. (This probability is the confidence level at the interst fion

of 0.99q reliability and' the S = 22 curve.) The probability of getting 2 or more faiures
in 3,S tý-sts when tht true reliability is 0.99 is 0.05 (where S = 37 intersects C099).
You may therefore d:'cide to te.t 38 fI.zes instead of 22. because V,.- risk of faili to
%,eiiwistrdtc 0.90 reiability at 9(0"; confidence, is 4 times grei.,:r with 22 sm pies"
40.20 failhre probability) than with 38 samples (0.05 failure probability).

a

1X AM 1. 1 4 ('QNSTI-UCiING AN OPERATING CHARACTERISTIC CURVE'
(;IVIFN N AND S di

riirtv twNI) igniters have been produced for testing to demonstrate reliahl+lty.

You CO not know the true reliability; however. you would like to know (I) what

,ixiv,;tl-.Wwer Mliahitity' limit- can he demonstrated at the 901;, confidence level. 4nd
44.2) what aire tile .probabilities of' being able--to do this as a continuious function of (rue

. From the N = 32 graph, the best that can be demonstrated at thlt'

otidcn,. ,..vci k 0.103 reliability (S 32 curve, no failures).

2 "rhe' probabilities as a cont nuois function of true reliabilities are obtahird

hy drawing II1 operating characteristic curve from the S = 32 curve (N = 32 grai>i).
H hI% ,:tr•rt i%,contructed by subtracting the confidenc,, level from 100 (100 - Cf.) 4r

,l reliability, values on the S = 32 curve and p,.itting as shown below. 100 . CL is tlie

prob bilihy 91 demonstrating 0.93 reliability at the 901;' confidence level. Fqr exa;!1pe.

if the igniter's true rcliability is 0.97. you have about a 0.37 probabili~y I~f

dcmonstr.,ting 0.93 reliability at 90'11 confidence level. (Compare with method' In
I-xamilc 3. which wouild show the probability of not demonstrating 0.93 reliability •t

,)'.; collitldetice. to be 0.63. i.e.. the probability of success is 1.00 minus t ¢

probahility or failure.) 4

1 ,.0
0

4'0.8

0.4

S°t10 099 0M 0?" 0.9A 00 0.94 0A3 0M2 0.31 0.10

TRUE RELIAUILITY

7

5cst cb-S t a
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[\AMPLIF 5 ESTABLISHINt' UPPER RELIABILITY LIMITS, GIVI.N N ANIO S

A new pyrot'cchnic fortnulation has been developed to increas. the heat oI'tput
ot 4 flare to a tequired level. Thirty-two flares were produced from :a batch (mix) of
tht, formulation iand tested: 3 failed to meet (ie required heat output. The reliability
rv•lurL.mt:1t on the heat output is 0.95. With the given data, can you say, with 90';
Cs:ofidence. that the true reliability of meeting the heat output is less tlan 0.95? (GO
to, the N = 32 graph and turn it upside down so the first curve on the left is labeled
I wread the 0 to 0.5 rehability scale). Go to the intersection of 90'r, confidence and
the cirve latw-::d 3 (3 is not labeled, but I and 4 are), theit read the reliability scale
10 t)34s. This vs equivalent to stating that the probability of failure is at least 0.035 it
thk. 19G; confidence level wnich is the same as stating '.hat the reliabilitv is at ,-.st i

0.035 = 0.965 at the 90.,; conftid-nce level. Therefore, the reliabilify that the flare
%ill prqduc,: a heat output meeting requirements may. in tact, be 0.95.

Howtever, it' there had cen .5 filtres, the reliability would be at most 0.022 at
thie 9I1 ,;cnfidence level In this .:ase. we would suggest "going back to the di-wing

iXA'.L.PI: 6 UTILIZING Till. IBAYESIAN APPROACHi

/ The previous examples present the most commonly used approach. There art
.,141ti-:d difficulties3 (5e footnote 1) in this usage. steming from the fact that one i-
r Mt actually sure which curve to use. Comnpare Example 2 with Example .5 and no!--
:hit diffo, rt:nt curves are usted for the upner and the lower confidence limits. A,4;.,lly.
the curve-: that arc chosen cxpress pessimistic results.

Forttnatclv. the approach of Bayes and Laplace does not have thes."
diliicsilties. l'ven more fortunately. the Bayesian approach may use these %anme graphs.

The coriect Bayesian curve is found by adding one to both the number of
*,,.,es and the numhcr of tests (this is exp~ained under Theory). Thus. in Example

2. where 30 inotors were successfully fired out of' 32 attempts. you would use the
S = 31 curve on the N - 33 graph. This curve cromscs the 90'K confidence line at 0.84o.

To fird the uppr confidenco? limit at 'W0r confidence as in lxample 5. follow
lt- i t,,' ctirve to the ICY' confidence ;inc and read 0.9463.

Comparc the resulti of l-xamples 2. 5. and 6 for 30 saccesse, in 32 tests.

J Pcum. F. S.. and II. 0. flartley. Ithomerrlka Tables for .tatilsticians. Camhridpe. England.
(',rtvbhtdgc Unive0.ty Prem.. 1966. Vl. I. pp. 83..4.

A byne. 1 7 "'('oildene Intervaht v%. Bayesian intervals." Peewnted atil te Intenixithmel
,i,w.ipm (on 1.*i:r,,f"itd* # Ifobahlttfl-q-and .Statlttlcs and Statistical 7rhevirwisc .ofSrtcnr.
t ,,"V,.11 of Wc,*Ticn Onfiark, ('anad,. Ma) 1173.1.

Sv83cst :Aval ble Copy
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90% point 100A point

(10% in lower tail) (10% in upper tai'.)

"Consensus" RL =0.843 (Example 2) Ru = 0.965 (Example 5)

Bayesiap. approach RL =0.846 RU = 0.963

The differences increase as the number of tests decrease.

'9. -, ,To find the proper Bayesian curve for any of the applications of Examples 1-5,
add one to S and N and proceed as shown in the examples. Graphs are provided up
to N = 10 1, so the Bayesian approach may be performed on tests of up to 100 items.

THEORY

Consider the determination of an unknown population reliability (R), based on
the testing of a sample of N items randomly drawn from the population. The
probability (B41j)) of obtaining exactly j successes within the N items tested is given by
the binomial distribution

BU j!(N - j)Rkl - R)N (1)

S-1
The probability of obtaining, at most, S - I successes in the sample of N is 4. 4,)

This probabi.. y is useft as the definition of the confidence level that the reliability is
at least R1  iven S and N.

)AIG N ~) 1Bi (2)
0~~ j=O j=S

Conversel,, the confidence level :hat the reliability is at most RU, given S and
N defined by

I N

jeS+ I jr:0

To avoid aumeriica pitialls, the binoiiial probability function 8(j) was evaluated

. __... via thc ev~deiice function.

SE~j) jin(R/f) + (N j) In 101 R)/l 1)01 (4)

where f = /N

429



NWC TP 5728

The value of 13(J is then found by

BO)7j) (5)
GOj) G(N j

where = 6

GOJ) j!l(ejji 2 <j < 14 (7)

15~jjc (8)

When j is greater thiai 4.xings second order approxiniat.on to the factorWa is used
(Jii yieds t lest iv pace accuracy in this range). At values up to 14, dhe exact

factorial expre~&-on is used.

This is rot the only way in which the grnphical values could have been
computed. For instance, Themne (footnote 1) obsrves that Eq. (2) is equivalent to

10 C (S- )N! -sr. R(t I-R)1(N-1) -(S-0)! dR (9)
too (S - 1 (N y

Equation (9) is of move than academic interst. It happens that fthi is the conedi
"'~'~&yesan ~tirateof cnfidmcefor S -1) su~cesss in a sample size of (FN - I).

Therefore, by suitably chooring N and S, eithe the Dayesato h QSAU

approaich is possible using the gr~aphs of this report.

10
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